The aim of this work is to show, based on concrete data observation, that the choice of the fractional derivative when modelling a problem is relevant for the accuracy of a method. Using the least squares fitting technique, we determine the order of the fractional differential equation that better describes the experimental data, for different types of fractional derivatives.
Introduction
Fractional differential equations (FDE) are an extension of ODE's, where the order of the derivative may take any real positive value. For this reason, very often we can model an experimental dynamic more efficiently by considering the problem formulated as a FDE. For example, they have found applications in viscoelastic [15] , mechanics [3, 6] , economy [8] , signal processing [13] , biology [1] , logistic population models [12] , etc. A question that always arises when doing so is what fractional derivative is to be considered, since there are various definitions in the literature [9] . Usually, the answer to this question depends on the problem and on the observed data. One of the most common definition, at least for real world applications, is the Caputo fractional derivative. Given a function f ∈ C n [a, b] and a positive real α, let n ∈ N be such that α ∈ (n − 1, n). The Caputo fractional derivative of f of order α is given by the integral
Here, Γ denotes the Gamma function:
This special function is an extension of the factorial function, in the sense that
One way to overcome this vast number of definitions for fractional derivatives is to consider a more general definition for fractional operators, and then determine which ones fit better with the data [9] .
The fractional integral of f with respect to ψ is defined as
Fractional derivatives are defined in the following way. If f, ψ ∈ C n [a, b] (with ψ increasing and ψ ′ (x) = 0, for all x), the fractional derivative of f with respect to ψ is given by [2] 
where α ∈ (n − 1, n) and n ∈ N. We recall the Mittag-Leffler function E α : given α > 0 and x ∈ R, this special function is given by the series
.
It can be seen as a generalization of the exponential function, since when α = 1, we have
For example, we have the following:
Fractional integral and fractional derivative are the inverse operation of each other, in the sense that
. Based on experimental data, our goal is to test several FDE's and see which ones better describe the problems. All the numerical computations are done in MAPLE, using the Statistics package and the Maple tool NonlinearFit. This tool fits a nonlinear model to a given data, by minimizing the least-squares error. Suppose that the n points (x i ,ỹ i ) are the original data and the model has the form F (A, x), where the parameter A is a m dimensional vector. The objective is to find the values of the parameters for the model such that the squared residuals
is a minimum. In each section, we will fit three kinds of models to the data points. First, we consider the classical model, which corresponds to the case α = 1. Secondly, we consider the method to be fit when the process is described by the Caputo fractional derivative, that is, when we take ψ 1 (x) := x. In the third model, we consider three different kernels ψ 2 (x) := (x + 1) b , ψ 3 (x) := ln(x + 1) and ψ 4 (x) := sin(x/b), with b > 0, and choose the one that better fits with the original data. We test the efficiency of the model, by comparing the error of the classical model, Error C , with the error given by the fractional model, Error F :
We will study four problems: the Gross Domestic Product (Section 2), Newton's law of cooling (Section 3), the Bombay Plague Epidemic (Section 4), and the World population growth (Section 5). The problems considered are described by a linear differential equation because when we replace after the ordinary derivative by a fractional derivative, we know the exact solution to the fractional differential equation.
Gross Domestic Product
The Gross Domestic Product (GDP) is one of the most important of all economic statistics, used to measure the performance of a country's economy. It represents the total of finished goods and services produced over a specific time period. We consider in this section the GDP of two countries: the USA and the UK. We will describe them by a linear and by an exponential model:
If we consider the model described by the FDE's,
with α ∈ (0, 1), the solutions are given by
respectively. To get a better accuracy for the model, we will allow the fractional order α to be arbitrary, and not only on the open interval (0, 1). For the data, we use the ones available from the World Bank [14] , which consist in GDP per capita between the years 1966 until 2011, counted every 5 years. The variable t, in years, starts at t = 0, corresponding to the year 1966, and S(T ) is the GDP per capita, in US$. In Tables 1 and 2 we present the results obtained when considering the USA case, with linear and exponential growth, and in Tables 3 and 4 , the UK case. Table 4 : GDP in the UK: exponential case.
Either way, the best model to describe the problem is when we consider linear growth. This allows us to predict the GDP in future years more accurately. For example, in the year 2014, the GDP in the USA is about 54629$ and in the UK 46332$. Using the classical model and the values of Tables 1 and 3 respectively. In Figure 1 we show the optimal curves, for the USA and UK cases, considering the linear and exponential growths. 
Newton's law of cooling
Newton's law of cooling states that the rate of change of the temperature of a body is directly proportional to the difference between its own temperature and the ambient temperature, provided the difference is small. This statement leads to the classic equation of exponential decline over time, which can be applied to many phenomena. Newton was able to show that temperature change follows the ODE
where T (t) is the temperature of the body at a given time t, T a is the ambient temperature, and k is a cooling constant, specific to the object. The solution of this EDO is the exponential function
where T 0 is the starting temperature of the object. If we consider the problem modeled by a FDE of order α > 0, then we get that the solution of the equation
To test the accuracy of the model an experiment was carried out. With a beaker filled with 100ml of water, originally at 100 o C, and with a thermometers in the beaker, the temperature of the water was measured every minute. The ambient temperature for this investigation was 23 o C, and the results obtained can be viewed in [5] . In Table 5 we present the numerical results for this problem, and in Figure 2 we compare the plots for the classical model with the two fractional models. 
Bombay Plague Epidemic, 1905-6
Between 1896 and 1914, India was struck by a series of major epidemics: malaria, cholera, Spanish influenza, and the bubonic plague. In Bombay City alone, the number of deaths were up to 183984 on that period. Kermack and McKendrick proposed a model [7] based on the number of deaths from October 1905 until September 1906 [4, Table IX ], counted every week. If R(t) denotes the number of deaths in the week t, for t ∈ {0, . . . , 51}, with t = 0 corresponding to 1st of October 1905, the authors proposed the model obtained from the ODE
The solution is given by the function
When we consider the fractional model,
with α ∈ (0, 1), applying the fractional integral to both sides of the equation, we deduce that
The results obtained are presented in Table 6 . In Figure 3 we show the plots for the total number of deaths, and for the number of deaths per week. To obtain a better model we will consider α > 0. As we can see, when we model the problem using the Caputo fractional derivative the gain in efficiency is very small. However, considering another kernel we obtain a gain of approximately 5%. 
World population growth
Historically, the most important law to characterize a population growth is described by the differential equation
where λ is the population growth rate. The solution to this problem, with N 0 the initial number of individuals, is the exponential function
When we consider the problem modeled by a FDE, that is, by the equation
the solution is given by
We study the optimal curve that better fits with the data in four continents: Africa, America, Asia and Europe. For data source, we use the one available from the UN [10] . For comparison, in Table 11 , we present the classical and the best fractional model, for the year 2015, with the estimated population in each of the continents analysed previously [11] . In Figure 4 we show the results.
